This paper studies a model for capillarity in circular tubes. The main result of this paper states the existence of a unique C 1 solution for this model. This solution is a minimum point of some functional ⌿. ᮊ 1997 Academic Press
INTRODUCTION
Consider the problem tG xЈ t Ј s tx t , 0FtF1, 1 Ž . Ž . Ž . Ž . Ž .
x Ј1 s␤ , 2
Ž . Ž .
where ␤ is a positive constant and G satisfies the following assumptions:
Ž . w x Ž . a G: 0, ␤ ª ‫ޒ‬ is continuous, strictly increasing, and G 0 s 0.
Ž . Ž 2 . y1r2 Note that in the particular case G u s u 1 q u , ) 0, prob-Ž . Ž . w x lem 1 , 2 represents a model for capillarity in circular tubes 1, 4 . See w x also 2, pp. 289᎐293 .
Ž . Ž . w x Problem 1 , 2 was solved by A. Corduneanu and G. Moroşanu 1, 4 under more restrictive assumptions by using a direct method. Our aim here is to derive the same result by a variational approach.
As we shall see later, it is convenient to extend G outside the interval w x 0,␤ by linear functions. For example, let G : ‫ޒ‬ ª ‫ޒ‬ be defined by 1 1
Integrating by parts in the left hand side and using the monotonicity of G 1 X Ž . X Ž . w x and the fact that x 1 s x 1 s ␤ we can easily see that x s x in 0, 1 . Q.E.D.
Ž .
1 w x LEMMA 2. If assumptions A are satisfied, and x g C 0, 1 is a solution Ž . of Eq. 3 , then the following implications hold:
Ž . Ž .
5
Ž . 
where C is a positive constant, we can see that ⌿ is everywhere defined on H and moreover it is coercive, Ž .
Ž .
Ž . This implies 10 by a straightforward computation. Since ⌿ is convex, Ž w continuous, and coercive it has a minimum point x g H see, e.g., 3, p. f t [ tG xЈ t belongs to C ␦ , 1 and so xЈ g C ␦ , 1 because G g 1 1
Ž .
1 Ž x C ‫ޒ‬ . Hence x g C 0, 1 . As x is a minimum point of we also have Ž . xЈ t ª 0 as t ª 0 . Therefore x g C 0, 1 , xЈ 0 s 0 and x verifies 3 w x for all t g 0, 1 .
Ž . The final step is to prove that x is a solution for Eq. 1 . To this end we Ž . first note that ␤ ) 0 implies see Lemma 2 xЈ t G 0 and x t G 0 for 0 F t F 1. 15
Ž . Ž . Ž .
